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Abstract: The magnetic shielding constant, a, and the magnetic susceptibility, x, are investigated for an atom 
and a molecule with unpaired electrons. It is found, that the only situation affected by the electron spin is the ex
pression for a for molecules with unpaired electrons. Coupling between electron spin and other degrees of freedom 
has been ignored. 

Although present experimental methods cannot 
i determine the magnetic susceptibility, x, or the 

magnetic shielding constant, a, of a species with 
unpaired electrons, there is still a desire by theoreticians 
to calculate the magnetic properties for such para
magnetic species. Recent workers1-3 have investigated 
these properties for paramagnetic species. In this 
brief article we are concerned with the effect that the 
spin will have on these properties. 

For 1S atoms it has been shown4 that the suscepti
bility per mole, x, is 

Xo' 0! £ ra 
Ij = I 

;2!0 (D 

where Xo = -(e2aoWo/6mc2) = -0.79199 X 10~6, N 
is the number of electrons, raj is the distance from 
nucleus a to electron j , and the wave function, 0, in the 
Dirac brackets is the ground-state atomic wave function 
in the absence of a magnetic field. Also, for 1S atoms 
it has been shown5,6 that the magnetic shielding con
stant, a, is 

a = <TO(0 ^r 8T 1JO (2) 

where cro = (.e2/3mc2a0) = 1.77504 X lO"5. 
For 1S linear polyatomic molecules the results are 

the following: the susceptibility4 is 
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where M is the total orbital angular momentum. 

M = Mj + MJ + MJc 

with 

(3) 
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where 

with 
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(8) 03 *y, 

and cyclic. 
The problem we consider is how these results will be 

altered, if at all, for species with unpaired electrons. 

Derivation of General Results 

Let us assume that the Hamiltonian in the absence of 
a homogeneous magnetic field, H, is 3C° and that the 
allowed wave functions are ^n with corresponding 
eigenvalues En. In the presence of H the Hamiltonian 
(considering only terms which would contribute an 
Ha factor or a magnetic dipole component, ixaa factor) 
is8 

5C 3C + 3Cext + 3CS] 

where 

and 

Jv6-
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M--l&{y'*,-** J (5) I 
and cyclic (the wave functions, /, in the Dirac brackets 
represent the eigenfunctions of the Hamiltonian in the 
absence of a magnetic field); the shielding7 is 
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We should note that an analogous expression to eq 11 
involving the nuclear spin should be included. How
ever, since these terms involve the reciprocal of the 
mass of the nucleus, their contributions would be 
relatively small compared to the other effects. For a 
simultaneous calculation of x and a we can take 
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A, = V2(H X r,) + 
y X r , ai (12) 
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Employing the variational perturbation technique,9 

we can determine the expansion of the energy up to 
terms in p,a

2, H2, or \xaH. We find from this treatment 
that the lowest eigenvalue of 3C, €o, is 

eo = H00S-' -T1(E,- E0)-
1 X 

(H0ik — S0ikE0)(HkiQ — Sk^E0) (13) 

where 
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The term in e0 proportional to H2 is 

e2 
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where 

and 

((O)H-(M + 2S)|*><fc|H-(M + 2S)[O)) (15) 
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The term in e0 proportional to \xaH is 
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where 

F„ = E ' . T M V S , - 3(S,Ta,)ra,} - ^ S ^ r J 
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Susceptibility 

The susceptibility components, Xa,p> can now be 
rapidly determined from eq 15 and 

d2 

Xafl dHabH0 
«0,Hi (18) 

For both atoms and molecules we observe that the 
matrix elements involving the spin will vanish because 
of the orthogonality of the orbital parts of the wave 
functions. The average susceptibility 

<X> = 1M X« + Xw + X*,} (19) 

is then found to be identical with the results given by 
eq 1 for a diamagnetic or paramagnetic atom and eq 3 
for a diamagnetic or paramagnetic molecule. 

(9) Reference 8, pp 72-75. 

Shielding 

The shielding components, <ra/3 can be determined 
fromeq 16 and 

d2 

dncdHp 
tO,MH (20) 

For both an atom and a molecule the term involving the 
spin which is linear in the field does not contribute in 
the infinite series because of orbital orthogonality. For 
an atom, if we would choose the origin of our coordinate 
system to be the nucleus, then the wave functions will 
also be eigenfunctions of M and the matrix elements in
volving the angular momentum will vanish. The result 
will be identical with eq 2. For a molecule with a closed 
shell, the term involving the spin that is linear in \xa will 
yield matrix elements that are zero. The Sx] and 
Svi terms do not contribute because of spin orthog
onality; the S1J terms contribute but the contribution is 
cancelled by another electron in the same orbital but 
with opposite spin. Also, the term involving the 
Dirac 5 function is zero since we usually deal with 
wave functions which vanish at the origin. The result 
for (T will be identical with eq 6. For a molecule with 
an open shell our results are 

2mc' 

N 

j = i 

\Xaj-Xj ~ XajXj\\0 

(0\Mx\k)(k o V ^ ^zjZgjXgj o + 
N 

- 3 E 
; = 1 

0ZjZajXgj 
k){k\Mx\0)\ (21) 

and 

2mc'' 
I *ai*i XnjXj \ U 

2m2c: Z(E* - E0)- {Q\Mz\k)(k 

M- — 37 2 

L1 + ZS., 3z 2 

4 + 

k)(k\M,\Q) 

0 + 

(17) The average a, (a), will then be determined from 

(o-) = 1IzI(T1x + avy + <rzs 

(22) 
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Discussion 
It is found that the diamagnetic susceptibility (tem

perature independent magnetic susceptibility) of a 
diamagnetic or paramagnetic atom or molecule is 
independent of the electron spin. The magnetic 
shielding constant of a diamagnetic or paramagnetic 
atom is found to be independent of spin while a for a 
paramagnetic molecule is found to have a spin depen
dence. It is currently believed that this spin depen
dence, due to the interaction of the electron spin 
and the magnetic dipole, is small. Calculations on 
the hydrogen molecule ion are in progress to determine 
the order of magnitude of this spin contribution. Also, 
calculations considering the coupling between electron 
spin and other degrees of freedom are in progress. 
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